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1 Title of the Study

Inductive Concept Learning in an Equational Logic System

2 Statement of the Problem

For this dissertation, we propose to research and develop inductive concept learning algorithms

using equational logic as the representation language. A concept learning algorithm essentially

has three parts: representation, search and evaluation [1]. Since the representation language of

equational logic has been thoroughly established and formalized, we intend to spend the majority

of this research on the search and evaluation of our algorithms.

3 Justification for and Significance of the Study

In this section we present some preliminary topics that must be covered in order to understand

the significance of this research study. We provide brief overviews of concept learning, previous

research on Inductive Logic Programming (ILP) and concept learning in first-order predicate logic,

and an introduction to equational logic and how it has been used as a programming language.

3.1 Concept Learning

Concept learning can be defined as the discovery of a set of rules that describe a concept or phe-

nomenon based on a set of examples. In addition, these rules should also be able to predict the

results of unseen examples. As a subfield of machine learning, a concept learner is a computa-

tional system or computer program that automatically learns a concept or set of concepts when

given training examples and background knowledge as input.
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A classic concept learning task in the machine learning literature is the task of learning whether

to play or not play tennis based on certain environmental conditions. For this task, a concept learner

would be provided input training examples similar to those shown in Table 1, and a set of decision

rules would be developed so that all of the positive input examples can be derived from the rules,

and none of the negative examples can be derived.

Outlook Temp Humidity Wind Play-Tennis
Sunny Hot High Weak No
Sunny Hot High Strong No

Overcast Hot High Weak Yes
Rain Mild High Weak Yes
Rain Cool Normal Weak Yes
Rain Cool Normal Strong No

Overcast Cool Normal Strong Yes

Table 1: Play Tennis training examples.

Figure 1 shows the decision rules that describe the concept based on the examples previously

given. Here, ∨ and ∧ are the standard symbols for logical OR and AND.

if Outlook=Overcast then PlayTennis=Yes ∨
if Outlook=Rain ∧Wind=Weak then PlayTennis=Yes

Figure 1: Play Tennis decision rules.

The process of inducing these decision rules from examples, or inductive concept learning, can

be viewed as a search problem. The learning system must search the domain of all possible rules,

called the Hypothesis Space or H , to find a set of rules that describe the concept.

3.2 Inductive Logic Programming

The term Inductive Logic Programming (ILP) was first introduced by Muggleton [2]. This early

work led to significant developments in concept learning algorithms that use first-order logic as
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the representation language. Systems such as Quinlan’s FOIL [3] [4], Muggleton’s Progol [5],

Flach’s Escher [6] and Shapiro’s MIS [7] and others have been successfully applied to problems

in carcinogenesis predictions [8], protein structure prediction [9], medical diagnoses [10], natural

language processing [11], recovering software specifications [12].

3.3 Equational Logic

Equational logic is a subset of first-order logic. It deals with logic sentences where the only logical

operator is the binary predicate for equality, typically written as = or the standard equals sign [13].

It is the logic of substituting equals for equals using algebras as models and term rewriting as the

operational semantics [14]. Typed equational logic is both sound and complete.

Written in standard equational logic, the training examples from Table 1 would be represented

as an equational theory. Figure 2 contains the Play Tennis training examples as represented as an

equational theory in standard equational logic syntax.1

As a brief introduction to equational logic syntax, we now provide a line-by-line description of

this theory. A more formal definition of equational theories follows.

• Line 1: Define a new equational theory (or object) TENNIS-EXAMPLES.

• Line 2: Define the sorts (another term for data types), that will be used in the theory.

• Lines 3-6: Define the attributes that will be used in the equations, and associates them with
a sort. These ops of arity 0 are constants.

• Line 7: Define the playtennis operator, which takes four parameters of the sorts Outlook,
Temp, Humidity and Wind and produces a boolean result of true or false. This is an operator
of arity 4.

• Lines 9-15: These are the training example equations, with the first four being positive
examples and the next three being negative examples.2

1Standard equational logic as defined by systems based on Goguen’s OBJ family of languages [15].
2It is interesting to note that, in equational logic, negative examples can be rewritten as positive examples by writing

them as (X =/= true) = true, rather than X = false.
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1 obj TENNIS−EXAMPLES i s
2 s o r t s Out look Temp Humidi ty Wind .
3 ops o v e r c a s t r a i n sunny : −> Out look .
4 ops h o t mi ld c o o l : −> Temp .
5 ops h igh normal : −> Humidi ty .
6 ops weak s t r o n g : −> Wind .
7 op p l a y t e n n i s : Out look Temp Humidi ty Wind −> Bool .
8
9 eq p l a y t e n n i s ( o v e r c a s t , hot , h igh , weak ) = t rue .

10 eq p l a y t e n n i s ( r a i n , mild , high , weak ) = t rue .
11 eq p l a y t e n n i s ( r a i n , coo l , normal , weak ) = t rue .
12 eq p l a y t e n n i s ( o v e r c a s t , coo l , normal , s t r o n g ) = t rue .
13 eq ( p l a y t e n n i s ( sunny , hot , h igh , weak ) =/= t rue ) = t rue .
14 eq ( p l a y t e n n i s ( sunny , hot , h igh , s t r o n g ) =/= t rue ) = t rue .
15 eq ( p l a y t e n n i s ( r a i n , coo l , normal , s t r o n g ) =/= t rue ) = t rue .
16 endo

Figure 2: Play Tennis concept training examples.

• Line 16: End of theory definition.

Definition 1 An equational signature is a pair (S,Σ), where S is a set of sorts and Σ is a (S∗×S)-

sorted set of operation names. We usually abbreviate (S,Σ) as Σ.

Relating Definition 1 back to the TENNIS-EXAMPLES theory, the equational signature is the

sorts and ops, or lines 2-7. The equational theory, or Σ-theory, is the equational theory plus the set

of equations (lines 9-15). Formally,

Definition 2 A Σ-theory is a pair (Σ, E) where Σ is an equational signature and E is a set of

Σ-equations. Each equation e ∈ E has the form (∀X)l = r, where X is a set of variables and

l, r ∈ TΣ(X) are terms over the set Σ and X . If l and r contain no variables, i.e. X = ∅, then we

say the equation is ground.

Training examples are always provided as ground equations. A valid inductive learning system

in equational logic would take these examples and produce a set of rules that covers all of the
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positive examples and none of the negative examples. As stated before, these rules would also be

good at predicting unseen positive and negative examples. Figure 3 is a valid equational hypothesis

that correctly describes the TENNIS concept based on the training examples. Here we can see that,

based on the training examples provided, we were able to produce a target concept that includes

just two rules (equations) that accurately cover all of the positive examples and none of the negative

ones. One other point to mention is the use of variables in this theory. On lines 8-10 we define

several variables with their sorts that will be used in the equations. The variables can be substituted

for any op that is of the same sort as the variable.

1 obj TENNIS i s
2 s o r t s Out look Temp Humidi ty Wind .
3 ops o v e r c a s t r a i n sunny : −> Out look .
4 ops h o t mi ld c o o l : −> Temp .
5 ops h igh normal : −> Humidi ty .
6 ops weak s t r o n g : −> Wind .
7 op p l a y t e n n i s : Out look Temp Humidi ty Wind −> Bool .
8 var TempVar : Temp .
9 var Humidi tyVar : Humidi ty .

10 var WindVar : Wind .
11
12 eq p l a y t e n n i s ( o v e r c a s t , TempVar , HumidityVar , WindVar ) = t rue .
13 eq p l a y t e n n i s ( r a i n , TempVar , HumidityVar , weak ) = t rue .
14 endo

Figure 3: Play Tennis concept definition.

The main goal of this thesis research is to develop learning algorithms in equational logic that

can automatically produce the description of a concept, as in the tennis concept in Figure 3, given

an equational theory, such as Figure 2.
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3.4 Justification

While the problem of concept learning in systems using first-order predicate logic and the tra-

ditional attribute-value representation languages has been well researched, the use of equational

logic as the representation language is still an open problem. To our knowledge, Hamel [16] [14]

and Shen [17] is the only work that has successfully developed inductive concept learning algo-

rithms in equational logic systems. Both of these algorithms use genetic programming techniques

to search the hypothesis space for candidate theories. The limitations of these systems include:

• Implementation of only a subset of equational logic. Conditional equations are not sup-
ported.

• Some solutions produced are technically correct, yet presented in a way that is algebraically
incorrect. This was a result of the way the underlying rewrite engine considers equations in
order.

• These systems used significant memory resources and computational time.

Because of these limitations, we propose that algorithms for inductive concept learning in

equational logic is an area where new research could be beneficial. Many of the successful ILP

applications that have been previously implemented can be represented in equational logic and

the concepts can be learned with our new system. We also propose that research that leads to

new algorithms for inductive learning in equational logic may solve some of the open problems

in Hamel and Shen’s work. Namely, the handling of conditional equations (see Figure 4 for an

example of a conditional equation in equational logic) as well as the memory and speed limitations.

1 ceq b o o l e a n (M) = t rue i f M =/= 0 .

Figure 4: A conditional equation in equational logic

Equational logic is an excellent representation language for inductive concept learning for sev-

eral reasons. First, it has a strong type system, which applies a constraint on the hypothesis search

space as sentences with invalid types can be eliminated from consideration. Also, since equational
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logic uses rewriting to evaluate terms, it makes it a faster and more efficient logic system than

first-order logic that uses more complicated unification algorithms [17].

4 Methodology or Procedures

This thesis will consist of a research study, design of an inductive concept learning algorithm or

possibly several algorithms, program implementation of the algorithm, and testing and analysis of

the system.

4.1 Research Study

The research study will be directed towards understanding the mathematical theory of equational

logic and the computational semantics of equational logic programming. Another objective will

be an attempt to fully understand the current implementations of inductive concept learning algo-

rithms in first-order logic.

4.2 Algorithm Design and Implementation

Using the knowledge gained in the research study, we will then design an algorithm or algorithms

for inductive concept learning in equational logic. The algorithm design will then be implemented

as part of a current equational logic programming system, such as OBJ3, Maude or BOBJ. We

have already conducted some research into the design of these systems, including source code

walk-throughs to learn how the systems are implemented.
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4.2.1 Approaches

There are two approaches that we will consider when designing these inductive concept learning

algorithms. The first approach is to adapt an already existing algorithm for inductive learning in

first-order predicate logic for use in equational logic. Broadly speaking, these systems use one of

two methods for inducing predicate clauses from examples: top-down or bottom-up induction.

MIS [7] and FOIL [3] [4] use a top-down algorithm for searching the hypothesis space. With

top-down induction, an initial general rule is successively specialized. This is basically a generate-

then-test approach. Other top-down algorithms that we will explore include ILS [18], AQ15 [19],

CILS [20], and CN2 [21].

Progol [5], Golem [22], and a hybrid of the two systems called ProGolem [23] use a bottom-up

algorithm for rule creation. Bottom-up induction uses a specific training example as a starting rule

and successively generalizes the rule to cover more training examples. Bottom-up induction is an

example-driven approach.

The second approach is to develop completely new algorithms for equational logic based on

current research on algorithms for searching hypothesis spaces. One promising method is to use

stochastic search as explored in [24] and [25]. The limitation of performing a locally optimal

search in standard top-down/bottom-up inductive learning algorithms may be overcome by using

a stochastic, or random, hypothesis space search strategy. In [24], the authors use a method for

solving large scale (possibly NP complete) optimization problems called simulated annealing.

A second stochastic search method uses rapid random restarts (RRR) as described in [26]

and [27]. These algorithms perform short searches starting from an initial random clause and

proceeding through the clause lattice via the neighbors. These short searches are repeated a certain

maximum number of times and for a maximum duration. This approach has been shown to be

superior to exhaustive searches in many domains.
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Another method for stochastic search in [28] and [29], called stochastic clause selection, uses

subsampling. This restricts the search space by randomly selecting a set of training examples to

generate clauses. The hypothesis that the authors propose is that a concept learning system that

uses a sampling method constructs, in lesser computational time, a concept description that is no

worse in predictive accuracy than the same algorithm that does not use sampling. A stochastic

sampling technique is also developed in the STILL system [30]. The results of this work seem

promising, and we will examine possible stochastic sampling methods in equtional logic concept

learning.

4.3 Testing and Evaluation

The final part of this research will involve testing the algorithm against some classic learning tasks

in the machine learning literature, as well as some complex, real-world examples. The results

of these tests will be analyzed for their effectiveness and efficiency. Some classic concept learn-

ing tasks include the summation of natural numbers, even/odd numbers, stack data structure and

operators, train direction, and the play tennis task described earlier in this proposal. Real-world

data sets that we will use for testing include Haberman’s survival data3, car buying evaluation

data4, income-census data5, and credit approval data6. We will also evaluate the algorithms in their

ability to classify unseen examples.

35-year survival rate post breast-cancer surgery.
4Buy or not buy a car based on certain attributes.
5Income >= $50k based on census demographics.
6Approve or deny credit based on economic indicators.
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5 Resources Required

There are several resources required to complete this project: research articles and texts, data sets

of test concepts to be learned, and a personal computer running the necessary software. To date, 64

research articles and 3 texts have been obtained from online sources and the URI Library. Addi-

tional journal and conference proceedings can be retreived from online sources such as CiteSeerx

scientific literature digital library, the ACM digital library and the IEEE Xplore digital library.

Additional print material can be retreived from the URI Library.

We will use the datasets from Shen and Hamel’s original work on concept learning in equational

logic for initial testing and evaluation. Other datasets will be obtained from the University of

California, Irvine’s Machine Learning Repository [31].

The software required to implement the algorithms for this study are the Linux operating sys-

tem, Oracle’s Java 1.6 development kit, the GNU C++ compiler (g++), and the OBJ3, BOBJ and

Maude equational logic programming systems. This is all open source software and currently

installed on the personal computer that will be used for this study.
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